Lecture 18 Linear fransformations of vector spaces

Def A function T:V—=W between two vector spaces V and W is

called a linear transtormation i it has the %o\\owmg properties :

(0 TE@+V) =T+ TW) for any W,V eV

() T(eV)=cT(V) for any CeR, VeV

Note (1) We can use bases of V and W to express T by o watrix

multiplication.
eq. V=P, W=R with standard boses

= T:,— R hos standard wmotrix with columns
T, T, THY.

() Once T is written os a wultiplication by o matrix A, we can
use RREF(A) to study various properties of T as follows :
+ T is injective <= RREF(A) has o leading 1 in every column
+ T is surjective & RREF(A) has o leading 1 in every row

o T is invertible & RREF(A) =T

(3) In Math 313, we will mostly consider linear transtormations

on R or Py

4) We have T(0)=T7



Eﬁ Determine whether each function is a linear transtormation .
M 1 R — P given by

T, = (X = 2% )+ 3% t+ 2%t

S_ol [T(Y)] _ |:5>>22X2:| linear coordinates with

2%, no constant ferms

Hence T, is \a linear ‘\‘mnsxcorvv\aﬁoﬂ

@ T RR— P given by

T.(X) = (X = 2% )+ 3%+ 2%+

Xi = 2Xa nonlinear ferms
Sol [TAY)]:{M }

5 | in coordinates
2 Xa

Hence T, is ‘V\oJr o linear ervwswtorvv\aﬁow‘

3) T.:Rh— R given by

e
Talpt) = [P(O)J'
ol For polynomiols pt), 4(t) € I, we have

[r+g@] Trar] [e@]
Ta (PO+§) = [P(DH%(OJ = {P(O)}r [%(OJ = T (Pt + Ts (§tt)
For a polynomiol p(t) € P, ond a scolor CelR, we have

Cp(2) 2)
Talcpt) = [CP(D)} = [E(O)} =C T5(p(t))

Hence 1. is [a linear ‘\‘mmﬁormaﬁoﬂ




@) Ta:,— I given by
Talptt) = (22 ptt).
Sol  For polynomiols pt), 4(t) € I, we have

Ta (PEO+ ) = (7 =2) (Pt + (1)
= (7 =2) pt) + (2 —2)}(t) = T4 (Pt + T (B01))

For a polynomiol p(t) € P and o scalar celR, we have

Ta(cp)) = (£2=2)-cptt) = c(+*=2) ptt) = C T4 (P(D)

Hence Ta is \a linear erﬂswaormaﬁovq

5 :R—1F given by
T (pe) = £ pt®.
Sol Tslt)=tt*=t>and To(2t)=t(2t)"=4t> = T; (2 ¥ 27T (t)

Hence T5 s ‘V\oJr o linear ’\‘mnswtormaﬁoﬂ

Note The main issue is the nonlinear term pit)* for the input pt).

6) To: e — 1R given by
T (PHE)) = 3p'(4) + 2p" ()
Sol  For polynomials Pt), 3t e I, we have

Te (PEO+) = 3P+ +2(Pt)+3£)"
= 3P'(1) + 3¢ (1) + 2P (1) + 24" (1)
= (3P +2p"(0) + (3¢ (£) + 29 (1) = Te (PCO) + T (§t))

For a polynomial pit) € P and o scolar celR, we have

Te (Cp() =3 (cptt)) +2(Cptt)” = 3CP'(H) +2¢p"(t)
= (3P +2p" (1) = ¢ Te (P(Y)

Hence Te¢ is ‘a linear ernsxcormaﬁoﬂ




Ex  Consider the linear transtormotion T : P — IR given by

et

) Find the standard wotrix A of T
Sol A has columns T0, T0)) Tt

pE)=1:pl)=1, P)=0 = TU)= [é}

|1 |
Hence the standard watrix is A= [D I 4}

(2) Determine whether T is injective

Sol RREF(A) = [Qo)g);ﬂ has no leading s in column 3

= T is ‘nof mjecﬁve)

(3) Determine whether T is surjective
Sol RREF(A) hos a leoding 1 in every row
= T is \surjecﬁvej




